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Abstract 



(-H ' We prove necessary optimality conditions of Euler-Lagrange type for generalized prob- 

lems of the calculus of variations on time scales with a Lagrangian depending not only on 
the independent variable, an unknown function and its delta derivative, but also on a delta 
indefinite integral that depends on the unknown function. Such kind of variational problems 
were considered by Euler himself and have been recently investigated in [Methods Appl. Anal. 
15 (2008), no. 4, 427-435]. Our results not only provide a generalization to previous results, 
^ but also give some other interesting optimality conditions as special cases. 
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1 Introduction 

In what follows, T denotes a time scale with operators cr, p, p., A, and V [TJIS]- We also assume 
, that there exist at least three points on the time scale: a, &, s G T with a < 6 < s, and that the 

operator a is delta difFerentiable. The main purpose of this paper is to generalize the Calculus of 
Variations on time scales (see [3HH] and references therein) by considering the variational problem 

C{y)= / L(t,y-(t),y^(t),z(i)) Ai^extr, (1) 

where "extr" denotes "extremize" (i.e., minimize or maximize) and the variable z in the integrand 
is itself expressed in terms of an indefinite integral 

A/ 



z(t)= / g(r,y-(r),y^(r))AT. 



In Subsection 13 . 1 1 we obtain the Euler-Lagrange equation for problem ([T]) in the class of functions 
y G C^^(T,R) satisfying the boundary conditions 

y{a) = a and y{h) — (3 (2) 
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for some fixed a,/? G R (cf. Theorem U]). Accordingly to Fraser the ideia of generahzing the 
basic problem of the calculus of variations by considering a variational integral depending also on 
an indefinite integral (in the classical setting, that is, when T = M) was first considered by Euler in 
1741. Our Euler-Lagrange equation is a generalization of the Euler-Lagrange equations obtained 
by Euler Eq. (8)], Bohner [3 , and Gregory [10]. The transversality conditions for problem ([Ij 
are obtained in Subsection 13.21 In Subsection 13.31 we prove a necessary optimality condition for 
the isoperimetric problem: problem ([l])-© subject to the delta integral constraint 



for some given 7 G M. In Subsection 13.41 we explain how it is possible to prove backward versions 
of our results by means of Caputo's duality [IT] (see also [12). Finally, in Section [T] we provide 
some applications of our main results. 

2 Preliminaries 

For definitions, notations and results concerning the theory of time scales we refer the readers to 
the comprehensive books [ll[2- All the intervals in this paper are time scale intervals. Throughout 
the text we denote by dif the partial derivative of a function / with respect to its ith argument. 
We assume that 

1. the admissible functions y belong to the class C,^^(T,M); 

2. {t,y,v,z) — > L{t,y,v, z) and {t,y,v,z) — )■ F{t,y,v, z) have continuous partial derivatives 
with respect to y, v, z for all t G [a, 6]; 



3. (t, y, v) — > g(t, y, v) has continuous partial derivatives with respect to y, v for all t G [a, b]; 

4. t L{t,y''{t),y^{t),z{t)) and t F{t,y''{t),y^{t),z{t)) belong to the class Crdi'T,^) for 



5. t ^ d3L{t,y^t),y^{t),z{t)), t -> d^F{t,y%t),y^{t), z{t)) and t ^ d:ig{t,y%t),y^{t)) be- 



long to the class C^^(T, M) for any admissible function y. 

Definition 1. An admissible function y^ G C^^ (T, M) is said to be a local minimizer (resp. local 
maximizer) to problem flp-f^' if there exists 5 > Q such that C{y<t) < C{y) (resp. C{y^,) > C{y)) 
for all admissible y satisfying the boundary conditions and \\ y — y* \\< S, where 



Definition 2. We say that r/ G C^^ (T,M) is an admissible variation to problem ([2p-([3i provided 
rj (a) ~ rj [b) = 0. 

The following result, known as the fundamental lemma of the calculus of variations on time 
scales, is an important tool in the proofs of our main results. The proof of Lemma [3] follows 
immediately from [13, Theorem 15] and the duality arguments of Caputo [11] . 

Lemmas. Let f e Crd{[a,b],R). Then 




any admissible function y; 



\\y\\= sup \y''{t)\+ sup \y^{t)\. 



tela.b]^ te[a,6] 




f{t)r]''{t)At = for all 77 G Crd([a, 6], R) with r/(a) = 77(6) = 



if and only if f{t) — for all t G [a, b] 
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3 Main results 



In order to simplify expressions, we introduce two operators, [•] and {•}, defined in the following 
way: 

M(i):=(t,y-(i),y^(i),z(i)) and {y}{t) := {t,y^t),y^{t)), 
where y £ C^^{T,R). 

3.1 Euler— Lagrange equation 

Theorem 4 (Necessary optimality condition to Suppose that y^, is a local minimizer or 

local maximizer to problem Then y^ satisfies the Euler- Lagrange equation 



d2L[y]{t) - —d,L[y]{t) + d2g{y}it) ■ / d,L[y]{T)A 



a{t) 



At 



dsgivW)- / d,L[y]{T)Ar\ =0 

(3) 



for all t € [a, 6]". 

Proof. Suppose that is a local minimizer (resp. maximizer) to problem ([I])-®. Let r] be an 
admissible variation and define the function : R ^ M by (e) :— C{y^, + erf). It is clear that a 
necessary condition for to be an extremizer is given by (p' (0) — 0. Note that 

0'(O) = /Va2L[y,](i)r,'^(i) +93i[2/*]W'7^W 

J a 

+ diL[y,]{t) - f (a2<?{2/*}M'?"M+535{2/*}(T)?7^(r)) Ar)At. 
Using the integration by parts formula, we obtain 

diL[y,]{t)r^''{t)At= kL[y*](t)?7Wl ' - 



A 



At 



d:iL[y,]{t)f^''{t)At, 



diL[y,]{t)- / 92.9{y*}W(T)AT At 



and 
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d^L[y,]{T)AT ■ [ d2g{y.}{T)r^%T)AT 

J a 

(^d2g{y.}{t) ■ j^J^ diL[y;\{T)A^ r^%t)At 
diL[y,]{t)- I a3.9{y*}(r)?7^(T)AT) At 



b ( j-cr{t) 



a Ja \Jb 



d^L[y,]{T)AT ■ d2g{y.}{t)r,^t) At 



d^L[y4{T)AT- / d3g{y*}{r)v^ir)^T 



a(t) 



b / i.a(t) 



a J a \Jb 



94i[y*](T)AT.93.9{y*}Wr/^(t) At 



d^giy^m ■ / a4i[2/,](T)AT 7?^(t)Ai. 



Using again integration by parts in the last integral we obtain 
dz9{y*m ■ diL[y,]{T)AT\ rj^{t)At 

n b 



d^giy.m- I d4L[y,]{T)AT-r]{t) 



A 
At 



dsgiy^Kt)- / d,L[y,]{T)AT\rfit)At. 
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Since ry(a) = 77(6) = 0, then 



From the optimahty condition (/>'(0) = we conclude, by the fundamental lemma of the calculus 
of variations on time scales (Lemma IS]), that 

52i[2/*](i)-^53L[2/,](t)~925{y*}W-_^'''*^a4L[2/,](T)AT+A (^d3g{y*}(t) ■ J^^^'^ diL[y4iT)Ar^ -0 

for all t £ [a, proving the desired result. □ 
Remark 5. Note that 

1. The Euler- Lagrange equation is a generalization of the Euler- Lagrange equation obtained 
by Euler in 1741 (ifT = we obtain equation (8) of 191). 

2. Theorem 3.1 of \1(M is a corollary of Theorem^ choose g{t,u,v) — u and consider the time 
scale to be the set of real numbers. 

3. The Euler-Lagrange equation for the basic problem of the Calculus of Variations on time 
scales (see, e.g., f^/j is easily obtained from Theorem^ in this case, d^L — and therefore 
we get the equation 



d2Lit,y^t),y^{t)) - ^^d,Lit,y^it),y^{t)) = 



for all t G [a, b]' 



Remark 6. Theorem^gives the Euler-Lagrange equation in the delta- differential form. As in the 
classical case, one can obtain the Euler-Lagrange equation in the integral form. More precisely, 
the Euler-Lagrange equation in the delta-integral form to problem is 



dzL[y]{t)+d:,g{y}[ty f dMy][T)AT+ f (d2L[y]{s)+d2g{y}{sy f diL[y][T)AT) As = const. 

Ja(t) Jt ^ Ja(s) ' 



3.2 Natural boundary conditions 

We now consider the case when the values y(a) and yifS) are not necessarily specified. 

Theorem 7 (Natural boundary conditions to (H}). Suppose that is a local minimizer (resp. 
local maximizer) to problem (OJ). Then y,, satisfies the Euler-Lagrange equation (Q). Moreover, 



1. if y{a) is free, then the natural boundary condition 

d3L[y,]{a) ^ ~d3g{y,}{a) ■ f 94L[y,](r)AT (4) 

holds; 

2. if y{b) is free, then the natural boundary condition 

dsLly.m = d3g{y,}{b) ■ diL[y,]{T)AT (5) 

Jb 

holds. 
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Proof. Suppose that is a local minimizer (resp. maximizer) to problem ([1]). Let rj G C^^(T,R) 
and define the function : M — R by (/> (e) := /C(y* + erj). It is clear that a necessary condition 
for 2/» to be an extremizer is given by 0' (0) = 0. From the arbitrariness of rj, and using similar 
arguments as the ones used in the proof of Theorem 21 we conclude that satisfies the Euler- 
Lagrange equation 

1. Suppose now that y{a) is free. If y{b) = /3 is given, then 77(6) = 0; if y{b) is free, then we 
restrict ourselves to those 77 for which 77(6) = 0. Therefore, 

- ^'(0) 

= j'[d2L[y4it) - ^^d,L[y,]{t) - dMv^W) ■ diL[y,]{T)^T 
- d3L[y^]{a) ■ 7j{a) + d3g{y^}{a) ■ / diL[y^]{T)AT ■ r]{a). 



Using the Euler-Lagrange equation ([3]) into ^ we obtain 

^-93i[2/,](a) + d3g{y^}{a 
From the arbitrariness of r/ it follows that 



^ * ^ diL[y4{T)AT^ •77(a) =0. 



|.(T(a) 

93^[2/*](a) = 935{y*}(a) ' / a4L[y,](T)Ar. 

Jb 

2. Suppose now that y{b) is free. If i/(a) = a, then 77(a) = 0; if y{a) is free, then we restrict 
ourselves to those r] for which r]{a) = 0. Thus, 

= ^'(0) 



^ (a2L[y,](f) - ^93i^[y*](t) - digivm ■ £ d,L[y,]{T)A 
+ ^ (53ff {2/4 (0 • ^"'^^ a4L[2/,] (r) Ar)) t^^ (t) At 
+ d3L[y,]{b) ■ rj{b) - 933{2/*}(;^) • / d,L[y,]{T)AT. 

Jb 



Using the Euler-Lagrange equation ([Sj into dT]), and from the arbitrariness of 7;, it follows 
that 

r<T(6) 



dsL[y4ib) ^ dsgiy.m ■ d4L[y,]{T)AT. 



□ 



Remark 8. In the classical setting, T = R and L does not depend on z. Then, equations ^ and 
(0) reduce to the well-known natural boundary conditions 

d3L{a,y^{a),y'^{a)) =0 and d3L{b,y^{b),y'^{b)) ^ 0, 

respectively. 
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3.3 Isoperimetric problem 

We now study the isoperimetric problem on time scales with a delta integral constraint, both 
for normal and abnormal extremizers. The problem consists of minimizing or maximizing the 
functional ^ 

C{y)^ f L{Ly'^it),y^it),z{t))At, (8) 

J a 

where the variable z in the integrand is itself expressed in terms of an indefinite delta integral 

A/ 



z{t)^ / g(r,y-(r),y^(r))Ar, 

J a 

in the class of functions y € C^^{T,M}, satisfying the boundary conditions 

y{a) = a and y{b) — (3 (9) 

and the delta integral constraint 

J{y)= F{t,y^t),y^it),zit))At = ^ (10) 

J a 

for some given a, /?, 7 G M. 

Definition 9. We say that e C^^(T,M) is a local minimizer (resp. local maximizer) to the 
isoperimetric problem l[E\)~ ilU\) if there exists ^ > such that C{y^) < C{y) (resp. C{y<,) > C{y)) 
for all admissible y satisfying the boundary conditions the isoperimetric constraint filOjl . and 

\\y-y* ll< 5. 

Definition 10. We say that y e C^^(T,R) is an extremal to J if y satisfies the Euler-Lagrange 
equation (0) relatively to J . An extremizer (i.e., a local minimizer or a local maximizer) to 
problem ^)- UU\) that is not an extremal to J is said to be a normal extremizer; otherwise (i.e., 
if it is an extremal to J), the extremizer is said to be abnormal. 

Theorem 11 (Necessary optimality condition for normal extremizers of ©-((TU])). Suppose that 
y* e C^^(T, K) gives a local minimum or a local maximum to the functional £. subject to the 
boundary conditions (0) and the integral constraint 1110\) . Ify* is not an extremal to J , then there 
exists a real A such that satisfies the equation 



d^H[y]{t)-^d^H[y]{t)+d29{y}{t)- f d^H[y]{T)AT- ^ (dM(t) ■ f diH[y]{T)Ai 



for all t e [a, b]'^ , where H = L - XF. 



= 
(11) 



Proof. Suppose that y, G C^^(T, M) is a normal extremizer to problem (|5))- ([TU)) . Define the real 
functions -0 : ^ M by 

(/)(ei, £2) = I{y* + eir/i + £2772), 
^"(£17 £2) = Jiy* + eim + £2772) - 7; 

where r/2 is a fixed variation (that we will choose later) and 771 is an arbitrary variation. Note that 
g^(0,0) = [\d2F[y^mr^^{t)+d3F[y4{t)^^it) 



2 



diF[y,]{t)- / {d2g{y*]{TW2{r) + d^g{y,}{T)r^^(T)) At)M. 
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Integration by parts and 772 (a) — 772 (&) = gives 

1^(0,0) = J' [d2F[y.]{t) - ^^d,F[y4{t) - d^giy^W) ■ d,F[y,][T)^T 

+ ^^{d^9{y.m ■ d,F[y,\{T)^T))T^"^{t)M. 
Since, by hypothesis, is not an extremal to J, then we can choose 772 such that — — (0, 0) 0. 

(762 

We keep 772 fixed. Since V'(0, 0) = 0, by the imphcit function theorem there exists a function h, 
defined in a neighborhood V of zero, such that h{0) — and ijj{ei, h{ei)) = for any ci G V, 
i.e., there exists a subset of variation curves y — y* + eitji + h{ei)ri2 satisfying the isoperimetric 
constraint. Note that (0,0) is an extremizer of subject to the constraint -0 = and 

V7/.(0,0)7^(0,0). 

By the Lagrange muhipher rule (cf., e.g., [14), there exists some constant A G R such that 

V0(O,O) = AV7A(0,0). (12) 

Since 

^(0,0) = J' [d2L[y4{t) - ^^dsL[y4{t) - O^giy^it) ■ j^J^ d^L[y,]{T)AT 

+ ^(53.9{y*}(i) • fj^ diL[y,]{T)^T))r,1{t)M 



and 



(0,0) = l\d2F[y.]{t) ~ Aa3F[y,](i) - d2g{y.}{t) ■ r^*^ d4F[y4iT)AT 



At 

it follows from (IT^ that 

lb 



^^idsgiy.m ■ r^'^ d,F[y4{T)AT))rjUt)At, 



= j'^(d2L[y,m - ^^d^L[y,]{t) - d2g{y.}{t) ■ f^^*^ diL[y,]{T)Ai 



+ ^(a35{y*}(i) • diL[y,]{T) At) 

- \d2F[yA{t) - —d3F[y,]{t) - d2g{y.}{t) ■ d4F[y,]{T)AT 

+ ^^{d3g{y*Kt)- d,F[y.]{r)AT)))r^imt. 

Using the fundamental lemma of the calculus of variations (Lemma ^ , and recalling that 771 is 
arbitrary, we conclude that 

A /"^^*^ 

^^d^Lly^m^ 

A , _ , 

(J4L[y*l{T)/\T) 



= d2L[y4{t) - —d3L[y4it) ~ d2g{y.}{t) ■ / diL[y,]{T)Ai 



pa{t) 

^^id3g{y*Kt) ■ d,L[y,]{T)AT) 



/ A r""^'' 

- X[d2F[y,]{t) - —dsF[y,]{t) - d2g{y.}{t) ■ d4F[y,]{T)Ai 
+ ^^{dsgiy.m ■ fj^ diF[y,]{T) At)) 
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for all t G [a, b]'^, proving that H = L — XF satisfies the Euler-Lagrange equation PT|) . □ 

Theorem 12 (Necessary optiniality condition for normal and abnormal extremizers of ((5|)- (fTU)) '). 

Suppose that G C^^(T,R) gives a local minimum or a local maximum to the functional C subject 
to the boundary conditions (0) and the integral constraint ilO\) . Then there exist two constants Aq 
and X, not both zero, such that y^ satisfies the equation 

d,H[y]{t)-^^d,H[y]{t)+d,g{y}it)- f^^^^d^H[y]{T)/^T~ iyd:ig{y}{t) ■ [y](T)Ar^ 

(13) 

for all t e [a, b]'^ , where H = XqL — XF . 

Proof. Following the proof of Theorem llli since (0, 0) is an extremizer of subject to the constraint 
■0 = 0, the abnormal Lagrange multiplier rule (cf., e.g., [T3]) guarantees the existence of two reals 
Aq and A, not both zero, such that 

AoV0 = XVtp. 



Therefore, 



and hence, 



A„|i(0,0) = A^(0,0) 
oei oei 



J' [Xo{d2L[y4it) - ^^dsL[y4it) - d2g{y.}it) • d^L[y4iT)AT 
+ ^(53<?{y*}W ■ d,L[y^]iT)AT)) 

- x{d2F[y.]it) ~ Aa3F[y,](i) - d2g{y.}{t) ■ diF[y,]{T)AT 
+ ^^id39{y*}{t) ■ f'^'^ d,F[y,]{T)AT)))f^l{t)At. 



From the arbitrariness of 771 and Lemma [3] it is clear that equation holds for all t e [a, fe]**, 
where H = XqL - XF. □ 

Remark 13. Note that 

1. If y* is a normal extremizer, then one can consider, by Theorem \ll\ Xq — 1 in Theorem \12i 
The condition (Ao,A) ^ (0,0) guarantees that Theorem \l'2\ is a useful necessary condition. 

2. Theorem 3.4 of flS}/ is a corollary of our Theorem llli in that case, d/^H — and we simply 
obtain 

d2H{t,y'^{t),y^{t)) ~ ^^dsH{t,y'^{t),y^{t)) ^0 

for all t e [a, 6]'". 

We present two important corollaries that are obtained from Theorem [T^ choosing the time 
scale to be T = hZ := {hz : z e Z}, /i > 0, and T = q^" := {q'' : k G Nq}, q > 1. In what follows 
we use the standard notation of quantum calculus (see, e.g., [TBHT5] ): 

y{t + h)- yit) y{qt) - y{t) 

Ahy[t) := and Dqy{t) := _ . 

Corollary 14. Let h > and suppose that is a solution to the discrete-time problem 

b-h 



C{y) = J2Lit, yit + h), Ahy{t), z{t)) extr 
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with 

t~h 

zit) = Y,9iT,y{T + h),Ahy{T)) 

T—a 

in the class of functions y satisfying the boundary conditions 

y{a) — a and y(b) = (3 

and the constraint 

b-h 

J{y) = 51 ^ + h),Ahy{t),z{t)) = 7 

t—a 

for some given a, (3,^ G M. Then there exist two constants Ao and X, not both zero, such that 
= d2H{t, y,{t + h), Ahy,{t), z^t)) ~ Ahd^H{t, y^it + h), Ahy*{t), z,{t)) 

b-h 

+ d2g{t,y*{t + h),Ahy*{t))- ^ 94-ff(r,y*(T + /i), A,,y,(T),z,(r)) 

T=t+h 

-A,Jd3git,y4t + h),Ahy4t))- ^ 94-ff(T, y.(T + /i), A,,y,(T), z*(t)) J 
for all t G {a, a + h, . . . ,b ~ h}, where H = XqL — XF. 

Proof. Choose T = /iZ, where a,b <E T. The resuh follows from Theorem [T2l 
Corollary 15. Let q > I and suppose that is a solution to the quantum problem 

Ciy) - ^ i (t, y{qt),D^y{t),z{t)) extr 

t—a 

with 

z{t) = ^9{t-, y{qr), Dqy{T)) 



in the class of functions y satisfying the boundary conditions 

y{a) = a and y(b) = /3 

and the constraint 

t—a 

for some given a,/3,j£ M. Then there exist two constants Xq and X, not both zero, such that 
= d2H{t, y^{qt),Dqy^{t),z^{t)) - Dgd^Hit, y,{qt), Dgy,{t), z,{t)) 

bq-^ 

+ d2g{t,y*{qt), Dgy^{t)) ■ ^ d4,H{T,y^{qT), Dgy^ir), z^{t)) 

T — qt 

/ bq-' 

- Dq I d3g{t,y4qt),Dqy4t)) ■ ^ diH{T,y^{qT), Dqy^r), z^{t)) 

\ r=qt 

for all t G {a, qa, . . . , bq~^}, where H ~ XqL — XF . 

Proof. Choose T = q^", where a, 6 G T. The result follows from Theorem [T2l 



3.4 Duality 

In the paper [11] (see also |19II20) ) Caputo states that the delta calculus and the nabla calculus on 
time scales are the "dual" of each other. A Duality Principle is presented, that basically asserts 
that it is possible to obtain results for the nabla calculus directly from results on the delta calculus 
and vice versa. Using the duality arguments of Caputo it is possible to prove easily the nabla 
versions of Theorem 31 Theorem [71 Theorem [TT] and Theorem 1121 

In what follows we assume that there exist at least three points on the time scale: r, a, G T 
with r < a < b, and that the operator p is nabla differentiable. The following theorem is the nabla 
version of Theorem I12i where the variational problem consists of minimizing or maximizing the 
functional ^ 

Ciy)^ [ L{t,yP{t),y^{t),zit))S7t, (14) 

J a 

the variable z in the integrand being itself expressed in terms of a nabla indefinite integral 

z{t)^ f g{T,y'^{T),y^{T))WT, 

J a 

in the class of functions y E Cl^{T,R) satisfying the boundary conditions 

y{a) = a and y{b) = j3 (15) 

and the nabla integral constraint 

J{y) ^ f F {t, yP{t),y^{t), z{t)) Vt = 7 (16) 

J a 

for some given a, /3, 7 G M. We assume that 

1. the admissible functions y belong to the class C/^(T,K); 

2. {t,y,v,z) — > L(t,y,v, z) and {t,y,v,z) F{t,y,v, z) have continuous partial derivatives 
with respect to y, v, z for all t G [a, 6]; 

3. {t, y, v) — J> g(t, y, v) has continuous partial derivatives with respect to y, v for all t G [a, b]; 

4. t L{t,yP{t),y^(t),z{t)) and t F{t,yP{t),y^ {t), z{t)) belong to the class C;d(T,M) for 
any admissible function y; 

5. t ^ d^L{t,yP{t),y''{t),z{t)), t ^ d:iF{t,yP{t),y'' {t),z{t)) and t ^ d^g{t,yP{t),y'^ {t)) be- 
long to the class C;^^(T,R) for any admissible function y. 

The following operators are used: 

\y\{t):={t,yP{t),y''{t),z{t)) and {y){t) -.^ {t,yP{t),y'^ {t)), where yGC/,(T,M). 

Theorem 16 (Necessary optimality condition for normal and abnormal extremizers of (114^ - ^^ ). 
Suppose that G C;^^(T,]R) gives a local minimum or a local maximum to the functional L subject 
to the boundary conditions JJ5)) and the integral constraint Then there exist two constants 

Ao and X, not both zero, such that satisfies the equation 

d2H\y\{t)~^d^H\y\{t)+d2g{y){t)-f d^H\y\{T)VT-^ [d^g{y){t)- f ^4^/ [yj (r)Vr U 
for all t G [a, b]^, where H = XqL — XF. 
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Remark 17. Theorem 2 of 1211 is a corollary of our Theorem \lb\ in that case d^H — 0, and one 
obtains 

d2H(t,yP{t),y^{t)) - l-d3H{t,yP{t),y''{t)) = 

for all t € [a, 6]k. 

From Theorem m via duality, one can easily obtain the Euler-Lagrange equation for the nabla 
problem p^ -([T5 |) (or from Theorem [TCI noting that, since there is no nabla integral constraint, 
F = and 7 = 0). 

Theorem 18 (Necessary optimality condition to (jl4p - (jl5p ). Suppose that is a local minimizer 
or local maximizer to problem [I^-(T^. Then satisfies the Euler-Lagrange equation 



d2L\y\it)~—d3L\y\it) + d2g{y)it)- / 94^^ (r)Vr- — | d3g{y){t) • / d,L\y\{T)\7T j =0 

(17) 



Vi ./p(t) Vi Y 



for all t G [a, h]^ . 

Remark 19. As a corollary of Theorem ] 18\ we obtain the Euler-Lagrange equation for the basic 
problem of the calculus of variations on nabla calculus J13]j (see also f22\j). In that case dL^ — 
and one obtains that 

d2Lit, y''it),y^{t)) - ^^d,Lit, y^it), y^it)) = 

for all t E [a,b]^. 

Remark 20. Theorem \18\ gives the Euler-Lagrange equation in the nabla- differential form. The 
Euler-Lagrange equation in the nabla- integral form to problem |_?^[ )-| 05)) is 



d:iL\y\{t)+d^g{y){t)- f d,L\y\iT)AT+ f (d2L\y\{s)+d2g{y)is)- f d,L\y\iT)AT) As = const. 



lp(t) Jt ^ Jp(s) 

Applying the duality arguments of Caputo to Theorem [7] the following result is obtained. 

Theorem 21 (Natural boundary conditions to (|14l) ). Suppose that is a local minimizer (resp. 
local maximizer) to problem Then satisfies the Euler-Lagrange equation Moreover, 

1. if y{a) is free, then the natural boundary condition 

dsLly^lia) ^ -d3g{y^){a) ■ / d4,L\y^\{T)AT 

Jp(a) 

holds; 

2. if y{b) is free, then the natural boundary condition 



93iry*J(6) = -535(2/*)(6)- / diL\y4{T)AT 

Jp(b) 



holds. 



4 Applications 

From now on we assume that T satisfies the following condition {H): 
[H) for each i G T, p{t) = ait + ao for some ai G M+ and oq G I 
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Remark 22. Note that condition [H] implies that p is nahla differentiahle and {t) — ai, 
i e Tk- Also note that condition (H) englobes the differential calculus (TT = R, ai = 1, oq = Oj, 
the difference calculus (TT = Z, ai = 1, ao = — IJ, the h-calculus (T — hi,, for some h > Q, ai = \, 
flo = ~h), and the q-calculus (1 = for some q > 1, ai — ^, 0,0 — 0)- 

The following result illustrates an application of Theorem [TBI 

Proposition 23. Suppose that T satisfies condition (H), ^ is a real parameter, and k £ R is a 
given constant. Suppose that / : — ?> R is a function that satisfies the conditions: 

(Al) dif{y''{t),^) ^ —kai for all t in some non- degenerate interval I C [a,h], for all ^ and for 
all admissible function y; 

(A2) diif{y'^{t),^) ^ for all t in some non-degenerate interval I C [a,b], for all ^ and for all 
admissible function y. 

Consider 

L{t,y,v,z) = f{y,S,) + kz, g{t,y,v)^v and F{t,y,v, z) ^ y. 
If y* a solution to problem Jj^p - jTS)) . then y*(t) — a, t (z [a, 6]'*. 

Proof. Suppose that is an extremizer to problem (|14p - p^ . By Theorem [TBI there exist two 
constants Aq and A, not both zero, such that satisfies the equation 



d2H\ym-^d3H\y\{t)+dMym- t diH\y\{T)\7r-^ I d3g{y){t) ■ f ^4^/ [yj (r)VT U 

(18) 



lp(t) Vt y 

for all t e [a, fe]K , where H = X^L — XF. Since 

— Xodif — A, Sail ~ 0, diH — Xok, d2g = and d^g = 1, 
then equation ([T8| reduces to 

Ao (difiyPJt), + fcai) = A, t e [a,b],. (19) 

Note that if Aq = 0, then A = violates the condition that Aq and A do not vanish simultaneously. If 

A = 0, then equation (fT9)) reduces to Aq ^9i/(?/* (<), ^) + fcai^ = 0. By assumption (Al) we conclude 

that Aq = 0, which again contradicts the fact that Aq and A are not both zero. Consequently, we 
can assume, without loss of generality, that Ao = 1. Hence, equation (|19l) takes the form 

difiy:{t),0 = X-kai, te[a,6],. 

By assumption {A2) we conclude that 

yP{t) = const, t e [a,b]^. 

Since y(a) = a, we obtain that 2/*(t) = a for any t G [a, 6]". □ 

Observe that the solution to the class of problems considered in Proposition [23] is a constant 
function that depends only on the boundary conditions (and the isoperimetric constraint) but not 
explicitly on the integrand function and its parameters. 

Remark 24. By the isoperimetric constraint U6]) . a necessary condition for the problem of Propo- 
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sition\23\ to have a solution is that a = 



6- 



Remark 25. Let b be a left dense point. Then, by the boundary conditions I115\) . a necessary 
condition for the problem of Proposition \23\ to have solution is that a — (3. 
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Remark 26 (cf. [13]). Let T = M. Suppose that a = = (3. 

1. Ifdiif(jj(t),£,) > for all t G [a,b], for all ^ and for all admissible function y , then problem 
Iil4\ l- p6\) has a unique minimizer. 

2. Ifdfif{y{t),£,) < for allt G [a,b], for all and for all admissible function y , then problem 
\14^ - [T^] has a unique maximizer. 

We end the paper with an example of apphcation of the nabla version of Theorem 1111 

Example 27. Let q : [a,b] — > M 6e a continuous function and y^ :— (y^)^. Suppose that 
y* € Cfj^ is an extremizer for 

f\{y^nt)-q{t){yn\t) + 2 fy^{T)\/r)\/t 
subject to the boundary conditions 

y{a) — and y{b) = 

and the delta integral constraint 

J{y)= l\y'f{t)Vt = l. (20) 

J a 

Note that any extremal to J does not satisfy the isoperimetric constraint I120\) . Hence, this problem 
has no abnormal extremizers and, by the nabla version of Theorem there exists A G M such 
that satisfies the equation 



d2H\y\{t)-—d,H\y\it)+d2g{y){ty / diH[y\{T)\7r-— | d^ym ■ / ^4// [yj ^Vrj - 

(21) 



Vt ./p(f) V< Y 



for all t G [a, 6]k; where H = L — XF and 

L{t,y,v,z) = v^ -q(t)y^ + 2z, g{t,y,v)=v, and F{t,y,v, z) ^ y^ . 

Since 

d2H = -2qy - 2Xy, d^H = 2v, d^H = 2, ^25 = 0, and d^g = 1, 
then equation ^2l]) reduces to 

y'^\t) + q{t)yP{t) + \yP{t)=diH-'^, (22) 

Note that in the basic problem of calculus of variations on time scales, d^H — 0, and we obtain 
the nabla version of the well known Sturm-Liouville eigenvalue equation: 

y'^\i^ + q{i)y''{t) + \yp{t^^Q, t^[a,b],2 

(see U5l\24^ ). The study of solutions to equation i22\) in the case d^H ^ is an interesting open 
problem. 
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